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GENERALIZED LAPLACIANS

AND MULTIPLE TRIGONOMETRIC SERIES

BY

M. J. KOHN

ABSTRACT.   V. L. Shapiro gave a  /e-variable analogue for Riemann's theo-

rem on formal integration of trigonometric series.   This paper derives Shapiro's

results with weaker conditions on the coefficients of the series and extends

the results to series which are Bochner-Riesz summable of larger order.

1.   Introduction.   Let fix), x = ix., ••• , x,), be a complex valued function

defined in a neighborhood of x    £ E   ,  k > 2.   We will say fix) has at x -  a

generalized rth Laplacian equal to s   if fix) is integrable over each sphere

|x — x   | = t, fot t  small, and if

(2tt)-*/2/.   .   ifix0+ty)ds{y) = a0 + a2t2 + ■■■ +a2rt2r+ oit2r)

as t —* 0, where a     =s/2k   2+2r-1r! Y{r + k/2).   This definition is due to

Shapiro [4], who showed that if all partial derivatives of / of order  2r  exist and

are continuous in a neighborhood of x     then the generalized rth Laplacian of

fix A exists and equals   Ar/(x   ).

Let

(1.1) T:Zcne —

be a trigonometric series in  ze  variables, with  n = in., ■ • ■ , refe),  x = (xj, • • • , x^),

72 • x = n x,  + • • • + n.x      and   fol = fo2 + • • • + n\)    ■   For a > 0 we denote by

(1.2) olix)=    L    (l-(^)2y--

l"l<R
the (spherical) Bochner-Riesz means of order  a  of (1.1).   We say  T  is summable

{BR, a) at x  to sum s  if  lim„   ^ a   ix) = s.

Shapiro [4] proved the following result, which is a zé-dimensional analogue

of Riemann's theorem on twice integrated trigonometric series (see, for example,

[5, Vol. I, p. 319]).

Suppose   T: Sc  eln'x  is   {BR, m) summable at  x     to the finite sum s,
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where  m  is an integer > 0, and where  c    = 0(|n|   ), for some   a < m + 2 — k, as

\n\ —> oo.    Let  r be an integer > 777/2 + 1.   Set

(1.3) Fb).^'"^    Z   -ï>ei-*.
*'K2r)l] (^0    M2'

Then the generalized rth Laplacian of Fix) exists at x . anzi z's equal to s.

The purpose of this paper is to prove the conclusion of Shapiro's theorem

under weaker hypotheses than those stated above.   We are able to reduce the

hypothesis on the decay of the coefficients of (1.1) and also on the order of sum-

inability required.    Our result is

Theorem.    Let the series (1.1) be summable  ÍBR, ß) at xfl  to a finite sum s,

where  ß is a real number > 0.   Let  r be an integer such that  r > xAiß + l), and

suppose   2|tz|     \c   \    < 00 for some   y>k— 1 — 4r.    Then   Fix) defined by

F(jc)=co(yi + --:+*fc)2,+ lim   x   (-ir-V e™-*
*t(2r)l] «-o<M<« I*'

¿as a generalized rth Laplacian at x     equal to sum s.

We note, in particular, that our reduced condition on the growth of the coef-

ficients c     no longer implies that the series defining  Fix) converges uniformly.

Hence our improvement extends Shapiro's result to the case when  Fix) is not

necessarily continuous.

2.   Before beginning the proof of the Theorem, we note that the Theorem is

true if T  is only a constant term; see, for example, [2, p. 289].   We may therefore

assume  cQ = 0.   We will also assume, as we may, that xn = 0, s = 0, and that r

is the smallest integer with  2r > ß + 1.   Write  ß = m + a where 772   is an integer

and  0 < a < 1.

Write  SR = SRi0) = £1   |<Rcn  and for ß > 0 put

(2.1) Sß= -i      CR (R-u)ß-lS   du.
r   nß)Jo

S L , as a function of R, is the fractional integral of order  ß of fiR) = S „.

Hardy has shown that aRix) —> s   if and only if crRix) —> s, where

ö£(x)=-4" f S  (x)iR-u)ß-ldu.
R Rß Jo     «

Thus the series (1.1) is  ÍBR, ß)  summable to zero at x = 0 if and only if

(2.2) sß = oiRß),

as R —- 00.
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3.   We begin with some lemmas.   Lemmas 1 and 2 are modifications of

lemmas from [4].

Lemma 1.   Assume S|«|   |c  |    < °o for some  y > k - 4r — 1   and suppose

Sc     is {BR, m + l)  summable to zero.    Then S" = o{R  r    2)  for n = 0, • ■ ■ ,777,

Z2S    R   —> 00.

Proof.   Write  y = k - 4r - 1 + t, where  e > 0.   Then

I     \cn\-Z      \n\^2\cj\n\-^2<(y,\"\y\cn\2f(z     I«]-?)4
(3.1)        \A<R \n\<R \\n\<R I

= CiR-y+k)Y> = CRV>(-k + 4r+l-e+k) = o{R2r+yA.

Note that for / = 1, 2, • • • , m + 2,

X cs(r - |f 1 + /r+1 =   z   -    S    =i + n.
\s\<R \s\<R+j       R<\s\<R+i

l = o{Rm+A     since   Zc     is  (SP, ttz + l)  summable to  0.

|II| < C       E      ks|=ofo2^),    by (3.1).

fo|<R+;
Since   2r > ß + 1 > 772 + 1, we have, combining I and II, Si   i<Rr {R - \s\ + j)m

o{R2'+y).

We observe that there exist numbers  A .    for  /' = 1, • • • , ttz + 2  and
777 '

n = 0, • • ■ ,ttz  such that lm +2 A . (2 + f)m+l = z"  for  z £ C.    This is Lemma 3
;=1       ;t7 '

of [4].   Hence
777 + 2

s*-;jf  Z   s(«-H") = -V  Z   c,£  AfoP-fol+;)m+1

777 4- 2 77-4-2

= EJtA-     E     c  iR-\s\ +/)m + 1= Z   "V . o{R2r+VA = o{R2r+VA.
72'        2" s 117 i^,    n\        ]n

7=1       ' \s\<R 7=1

Lemma 2.    Le/:  /  (/)  denote the Bessel ¡unction of the first kind of order s,

where s  is an integer or half integer.    Then for each n > 0,

áLU± = oit-s-2'-*),
dtn   f*+2r

as  t  tends to infinity.

Proof.   The argument is the same as the proof of Lemma 2 of [4].   However

we use here the fact that  /  it) = 0{t~   )  as  / —> °°.

Lemma 3.    // 0 < a < 1, then  /nfo - z)   azadz = 0{u)  as  u  tends to infinity.
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Proof.

("iu-z)-azadz = (u/2+   f".    =A +B,
JO JO J u/ 2

where

A f"/2 iu -z)-azadz = Oiu~a) (W2zadz = Oiu),
Jo Jo

B = f"     iu-z)-azadz = Oiua)[Ul    iu-z)-adz = 0iua)0iuX-a) = 0iu).
Ju/1 Ju/2

Lemma 4.    With  S     defined by (2.1), then for almost all u

Sm  =-1- / f" (u - z)~aSa+m dz.
"       ril- a) du Jo

Proof.   Put

/ =-1-[u iu-z)-aS^mdz =-Í-[u(u -z)(l-a)-lS«+mdz.
Yil - a)Jo * rd _ a) Jo

Thus   / is the fractional integral of order (l - a)  of  Sa m.    But since  Sa m  is
° 22 22

the fractional integral of order ia + m)  of S  , therefore  / is the fractional inte-

gral of S    of order ia + m) + il - a) = m + 1.   Hence for almost all  u,  dl/du =

Sm.
u

4.   Proof of the Theorem.   We must show

i2n)~k/2  f       Fitz)dsiz) = a, + a-,t2 + ••• +a,,     , J2(r~ ' > + oit2r)
J ze% 0 2 2(r- 1 )

as   t  tends to zero.

The hypothesis on the moduli of c    implies  S|«|   _       |c   |t2|_  t\    < oo; for

some  e > 0.   Therefore by virtue of Theorem 1 of [3] the series defining  Fix)  in

(1.3) converges spherically almost everywhere on each sphere   |x| = /.    By virtue

of Theorem 2 of [3], with  p = 1, we may integrate this series term by term over

each sphere.

Bochner [l] observed   (2tt) ~k/2 fz eIeinUzdsiz) = ]si\n\t)/i\n\t)s, where  s =

Viik - 2).   Hence,

(27t)-^2 i    Fitz)dsiz)=   lim       Z      i-lY-r\-i2n)-k/2Lein-tzdsiz)

(4.1)

=   lim   (-I)'       Z C«      /g(l"lf)_(-1^2r    ,;m ^ C„ y(|«|f),

R-°° 0<\n\<R   \nfr    i\n\tY R-00 o<i72|<R

where  yiu) = u~s~2rJ iu).

We apply summation by parts to  2,1   i<R c yi\n\t)  m  times.
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Z    cny{\n\t) = SRy{Rt)-jRQSu£y(ut) du

77   < R

^Ry{Rt)-Sl-f-y(Rt) + ... + i-irSl-d^-y{Rt)

<_l)m+iC«smd?A±   {ut)du
JO «    J..777+1    '

du

Using   Lemmas 1   and   2,   with   ; = 1, ■ • • , ttt, SR{dj/dRj)y{Rt) „ o(R2r+'/2)

0(R-(^-2)/2-2r-^) = o(l), as   R  tends to infinity.   Thus,

«"» Z        cvi\n\t) = i.l)^   (°°S»>   iCÜiyM¿a,

and returning to (4.1) we get

(2zT)-fe/2Jz Fitz)dsiz) = {-lYt2r      Z       cnyi\n\t)

(4.2)
0<7? \<R

(-
Jl     " dum + 1

We use the formula /  fo) = 2°°=n((- l)niV2z)s+2"/nl Y{s + n + l)).   Hence
77=0

*-*/>) = z
77 = 0

i-l)ni2)-s-2nz2n

l\Y{s   +72   +   1)

Cn  + C-.Z     + . • • + C,    Z   "   +0 2 ¿72

Define Pfo) = cQ + c 2z2 + ... + c2(r_ 1)^2(r_ ' > and let  Afo) ={z~sJ ¿z) - P{z))/z2r.

Then   K{z)  is an entire function in the plane and

(4-3) y(z) = K{z) + z-2rPiz).

Substituting into (4.2),

(27T-)-*/2  f   Fitz)ds{z) = {-lY^^t2ri'X'S'-ä!lL

(4.4) ={_iy,m,l(- sm AVl^ldu+{^)r,m^t2rC- smln^x{
Jl        "   du™*'    U2r Jl "  dum + 1

= A{t) + t2rB{t).
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Ait) = (- lY,m+)Ç~smdff±PA»f}\du
J\      "   J„77Z+1     „2r

Z7 ZZ

(4.5)
1      "  dum+X '     ~     '     <2t

,=0

r-1 r-1

= (_ ir+™+l  £  i2i fV ^--C.zz2(>-^= V   A    72L

We will show  A      is finite for each /'.
27

A     = c' f °° S'V<>'-'>-m-1rfK = c! rsmu-"idu,
2i        1} Q       u 1J1      u

with m+i<n.<2r + m+l.   By Lemma 4,

S" = (i/Hl - a))(rf/rfa)f "(« -z)~aS^mdz,
u JO

for almost all  u.   Hence

A 11   C°°    ~ni    d   Cu 1 \-ac.a.+m   ,     ,
A     = c"        u     ' -f \    (u - z)      S        dz du.

2J       1  J\ du Jo z

Integrating by parts,

a 11    ~ni  Cu i \-a ca+m   ,     °° „ f00    -72,-1 fiz. \-«a+m   ,     , „
z40. = c"t7     ' \    iu - z)     S        dz      -c   \     u    ' (u-z)    S       dzdu = a. + ß..

2]       1 Jo z 1        7 J 1 Jo z ;     f 7

By (2.2), we have  S^m = o(Pa+m), so

n   ~n: Cu i \—a   1   a +772\   ,     00
a. = c'.'u     ']    (u - z)      o(z        )dz

1       1 Jo 1

/   -nj+m^Çu, ,N_a   a,     00 —n.+m x
= o(u     '     ) \    iu - z)     z   dz       = o(zz     '      )Oiu)

Jo 1 1

by Lemma 3.   Since  77. > 772 + 3,   a.. = OÍ l).

To estimate  /3 . we again use Lemma 3.

ß. = c" f°°u-Tl [u(u-z)-«0(z^m)dzdu
J J   J1 J 0

= C;" J"~ 77- ">~ ' oiu™) Jo" (77 - z)" a0(za ) dz du

= c" (°°oiu~"'~1'm)Oiu)du=Oil).
J   J \

This shows that each  A 2. = a. + ß.   is finite.   Combining this last statement

with (4.4) and (4.5), we obtain

z    r r_1
(27r) JS F(**)<feW = E  A2y'2/ + ;2rß(^-

7=0

5.   The proof of the Theorem will be complete when we show  Bit)  tends to

zero with  t.   Using Lemma 4,
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B(,) = (_lV+'K + 1 {""s™
Jl      «

fol)r +777+1 J,

2ZV*+1

1

KiuAdu

d   Cu z \_ a.ra+7?2
-=—1     (z7 - z I      i

3   Ha + m)   du j0 Z ¿22m+1
2-Afo/)zizz.

(We are justified in replacing the limits of integration in the outer integral by  0 <

Z2 < oo  because  Sm = 0 for   0< u < 1.)   We integrate the expression for  Bit)  by

parts.

ß(i) =
(-1)

r+777+1

T(a + 772 )

fol)'+777

jfo ,)-aca+m j- -    d"
dz •

7+1

777+1
Kiut)

— r f « u
+ 772)   JO   JO

\_ CLf.a+777     ,
Z) i ZZZ

Z

7777+2

K{ut)du
Y{a + m) JO JO ^m+2

= Bj(/) + B2(/).

We assert that, for  t / 0,  B :it)   is zero.   Since  Mz)  is entire in the plane,

dmriK{ut)/du' i+l
remains bounded as  22  tends to zero.   Hence at zero the expres-

sion defining  SjO)  is zero.   To evaluate the expression defining  B.it)

we use (4.3) and (2.2).

at  u = 00

7+1
[U{u-z)-aSa+mdz.-^~-K{ut)=oium)fU{u-z)-aza

JO z d¡/m+1 JO
dz

dm+x

dum + x
Aut)-

Piut)

iut)2r

The integral in this last expression is  0{u)  by Lemma 3.   By Lemma 2,

dm+Xy{ut)/dum+X = 0{u-m'X), and since    Pfoz") {ut)~2r  is a quotient of poly-

nomials with the degree of the denominator greater by two than the degree of the

numerator,  {dm + l/dum+X) P{ut)/{ut)2r = Ofo-2"™- l)   as  u — 00.    Hence, near

zz = 00, the expression defining  fi,(i)   is  ofom)0(z2) [Ofo"m- ' ) + Ofo""2- fo] = o(l).

It remains to be shown that  BAt) tends to zero with  t.

bm m tUTL r r- {u _2)-<y^ -££ Afo^zz
2 r(a + 77z)JoJo * fl'„m+2

fol)
n

l)THn rr+irfo-z)-a-^--Afo/)4z
a + TTz)Jo    z    V2 du^2 )

r(a+772)Jo     * r(a+w) \J°        J1/'/

(-l)r

T(a+ttz)   Vo -"/'J      T(a+,72)

We first consider M.   In this integral z ranges between   0 and  l/t, and

\M + Vi.

Hiz, t) =
j:

(7, z)-«AmjJrxiut)du= (l/t + r =p + e.
ziz2m + 2 J* Jl/«
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AU)  is entire, so for   \ut\ < 1, dm+2\iut)/dum+2 = Oitm+2).   Hence

P =  (l/t iu-z)-aOitm + 2)du = Oitm+2)il/t-zf-a
J z

(5.2)
= 0(tm + l)il/t - zf-aitil/t - z)) = Oitm + l)il/t -zf~a,

since  til /t - z ) = 1 — tz < 1.

=  r    (u-z)-«-^2yiut)du  +Ctiu-z)-°-ál?Íp%Ldu=Q]  +fi
Jl/Z ¿„772+2 Jl/< ^TTz+2  (ai)2r «1       ^2

By Lemma 2,

J777 +2
J^íí  yiut) = tm+2  Oiiut)-*-2'-^) = tm^/2-2r-s0{u-s-2r-V2)-

dum+2

Hence,

Ql = iut {u - z)~atm+i/2~2r-SOiu-s-2r-'fdu

= il/t-z)-atm+i/2-2r-s [°°   Oiu-s-2r-yfdu = il/t -z)-aOitm+l).
Jl/r

Since  idm+2/dum+2)[Piut)iut)-2r] = t~ 20iu~m~ 4), therefore

Q2 = J7/( (« -zft^Oiu^-^du = il/t -z)-aO(7-2+m+3).

Combining the estimates for Qx and Q 2 we get Q = (l/z — z) aOitm ), and with

(5.1) and (5.2) we conclude, for 0 <z < l/l, Hiz, t) = il/t - z)"aO(zm+1 ). There-

fore

M =fl/tSl+mHiz, t)dz =po  loiz«+m)Oitm+X)il/t-z)-adz

= oil/t)a*mtmH po/l il/t-z)~adz - o(l).

We now consider N = fy/,S     mHiz, t)dz.    In this integral z  is larger than

lit.

Hiz, t) = f"" U -z)~a At™        kiufdu
Jz dum   2

m r [u - x)~ « A?!2 y(ul)du +C-U- *)-a ^~ &£ du = R+S.
Jz du"'*2 Jz dum + 2   (ut)2r

To compute  R   we apply Lemma 2.

idm+2/dum + 2)yiut) = tm + J>/2-s-2rOiu-s-2r-yi

Hence,
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R = ,« + 3/2-*-2r £• {u _ z)-a0(u-s-2r-ii)du

£*(* -z)-aoiu-s-2'~^)du = OU —2-'M/z22(U -Z)-a^

= oU-5-2'-17'^1-") = o(z-^-2r+'/j-a),

f00   (zz-2)-a0(zz--2-,M^=0(2-a)r  a-*- 2r-y'du
J2z J2z

= Oiz-a)Oiz-s-2r + yf = Oiz-s~2r + l/2-a).

Thus,  R =tAn+i/2-s-2'Oiz-s-2r+yi-a) = t-yWiz~a-m-i/2)itz)m+2-s-2r.

Since   |zz| > 1   in the interval of integration and since  2r > m + 2  and s > 0, the

last factor on the right of this last equation is  < 1.   Hence,

(5-3) P=/-«OU-a-m-3/2).

To compute  S, we again use the fact that  idm     /dum     )Piut)/iut)     =

r20iu~m-A); and therefore

S=r(u.-z)^Aml'fS^du
Jz dum*2  iut)2r

-«-aj:<—>-•«■—^-'-{r^}-

£2Z U - z)-a0iu~m-4)du = Oiz~m-4)f-Z iu - z)'adu

= Oiz-m-4)Oizx-a) = Oiz~m-a~i).

r iu - z)-°-oiu~m-A)du = oiz~a) r u-m~Adu = o(z-a)2-m-3.
J2z J2z

Thus  5 = t-2Oiz-rn'a-i) = '-I/jO(z-m-a-3/2).   Combining with (5.3), we see that

for  1/i <z,  H(z, ') = « +S =Z-^0(z-m-a-3/2).

Substituting into the integral defining N,

n = /r/( -c+m^ ^ =.T/z ou^v-^ofe—a-j/2)^

= r«/^ 0u-3/2Vz = rVi/í)-* = 0(1).

We have shown that B At) tends to zero with  Z.   This completes the proof

of the Theorem.



428 M. J. KOHN

BIBLIOGRAPHY

1. S. Bochner, Summation of multiple Fourier series by spherical means, Trans.

Amer. Math. Soc. 40 (1936), 175-207.

2. R. Courant, Methods of mathematical physics. Vol. II: Partial differential equa-

tions, Interscience, New York, 1962.     MR 25 #4216.

3. M. Kohn, Spherical convergence and integrability of multiple trigonometric series

on hypersurfaces, Studia Math. 44(197 2), 345—354.

4. V. L. Shapiro, Circular summability   C  of double trigonometric series, Trans. Amer.

Math. Soc. 76 (1954), 223-233.     MR 15, 866.

5. A. Zygmund,    Trigonometric series.   Vols. 1, 2,   2nd ed., Cambtidge Univ. Press,

New York, 1968.     MR 38 #4882.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA

55455


