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GENERALIZED LAPLACIANS
AND MULTIPLE TRIGONOMETRIC SERIES

BY

M. J. KOHN

ABSTRACT. V. L. Shapiro gave a k-variable analogue for Riemann’s theo-
rem on formal integration of trigonometric series. This paper derives Shapiro’s
results with weaker conditions on the coefficients of the series and exteuds
the results to series which are Bochner-Riesz summable of larger order.

1. Introduction. Let f(x), x = (xl, cen xk), be a complex valued function

defined in a neighborhood of x € E*, & >2. We will say f(x) has at x, a

0
generalized rth Laplacian equal to s if f(x) is integrable over each sphere

|x —x,| =t, for ¢t small, and if

(2ﬂ)—k/2 flyl

as t — 0, where a, = s/2%/ 2*2r=1.1 ' + k/2). This definition is due to _

» fGeg+ty)dsly) =a + a2t2 oot aZ’ZZ' 1+ o(t27)

Shapiro [4], who showed that if all partial derivatives of [ of order 2r exist and
are continuous in a neighborhood of x ), then the generalized rth Laplacian of
fx ) exists and equals ATf(x ).

Let
1.1 T: chei"‘x

be a trigonometric series in k variables, with n = (n,, -+, nk), x=(xy, eee, xk),

mex=nx; +---+n.x,, and lnl=(n%+--~+n2)‘/’. For a >0 we denote by

2\a
(1.2) opx)= 2 ( —(%‘)) c et
|n|<R
the (spherical) Bochner-Riesz means of order a of (1.1). We say T is summable

(BR, a) at x to sum s if lim og (x) = s.

R —o00

Shapiro [4] proved the following result, which is a k-dimensional analogue
of Riemann’s theorem on twice integrated trigonometric series (see, for example,

(5, Vol. I, p. 319]).

Suppose T: Ecnei””‘ is (BR, m) summable at x_ to the [inite sum s,

0
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where m is an integer > 0, and where c,= o(|=|*), for some a <m + 2 -k, as
|n| — oo. Let r be an integer > m/2 + 1. Set
2r
co(xl +-~+xk)

(1.3) Flx)=-2_L__ L R in‘x.
k7[(2r)!] tn|z¢o e

Then the generalized rth Laplacian of F(x) exists at x, and is equal to s.

The purpose of this paper is to prove the conclusion of Shapiro’s theorem
under weaker hypotheses than those stated above. We are able to reduce the
hypothesis on the decay of the coefficients of (1.1) and also on the order of sum-

mability required. Our result is

Theorem. Let the series (1.1) be summable (BR, B) at x, to a finite sum s,
where B is a real number > 0. Let r be an integer such that r > % (B + 1), and
suppose Z|n|” |cn|2 < oo for some y >k — 1—4r. Then F(x) defined by

N ORI P c .
k + lim Z (__ 1)7 n eln'x

2
> 0<|n|<R || 7

has a generalized rth Laplacian at x , equal to sum s.

We note, in particular, that our reduced condition on the growth of the coef-
ficients ¢ no longer implies that the series defining F(x) converges uniformly.
Hence our improvement extends Shapiro’s result to the case when F(x) is not

necessarily continuous.

2. Before beginning the proof of the Theorem, we note that the Theorem is
true if T is only a constant term; see, for example, (2, p. 289]. We may therefore
assume ¢, = 0. We will also assume, as we may, that x,=0, s=0, and that 7
is the smallest integer with 2r > B + 1. Write 8 =m + @ where m is an integer
and 0 < a <1.

Write Sp = S,(0) = E‘n|<ch and for 8> 0 put

B __1_ (R(p_ \8-1
(2.1) SR_]‘(ﬁ)fo R~ 1S du.

53 , as a function of R, is the fractional integral of order 3 of f(R) = Sk
Hardy has shown that Og(x) — s if and only if Bg(x) — s, where

— R _
Ug(x) = ;g—fo Su(x)(R — ) Vdu.

Thus the series (1.1) is (BR, ) summable to zero at x = 0 if and only if

2.2) s8 = o(RP),

as R — oo,
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3. We begin with some lemmas. Lemmas 1 and 2 are modifications of

lemmas from [4].

Lemma 1. Assume 2|n|'y|cn| 2 <o for some y> k— 4r— 1 and suppose
Ecn is (BR, m + 1) summable to zero. Then Sk = o R?7*%) for n=10, ¢, m,

as R — oo,

Proof. Write y =%k — 4r— 1+ ¢, where ¢ > 0. Then

1) Y
Y lel-X inny“nc,,unrms(z|n|7|c,,12) <>: |n1-y)

(3.1) In|<R In|<R |n|<R

- C(R—',V+k)l/2 _ CR]/Z(-k+4r+1 —-€+k) _ O(R27+l/z).

Note that for j=1,2, ¢+, m+ 2,

Y e R-Isl+pm - X - X -I+IL

|s|<R |s|<R+j Rs|s|<R4j
I=0(R™) since ZCS is (BR, m + 1) summable to 0.

m<c X e ]=0R?*), by (3.1).
|s|<R+j
Since 2r> 8+ 1> m+ 1, we have, combining I and II, 2]sl<RCs(R —|s| + j)"'+1 =
o(R?74),
We observe that there exist numbers A].n for j=1,+++ ,m+ 2 and

n=0,+++, m such that 2';.’;12 A].n(z + )™ = 2" for z € C. This is Lemma 3

’

of [4]. Hence

m42
1 .
SR=ar L cR-IsM=d T ¢ T 4 R-|s|+ )"
Is|<R T s|<R  j=1
ma42 m 42
- i 1_A z c (R - ISI + ~)m+l B 'Z": __l_.A O(R2r +‘/z) _O(Rzu.l/,)
B nl in s 1 = ot Bin = .
j=1 [s|<R j=1

Lemma 2. Let ]s(t) denote the Bessel function of the first kind of order s,

where s is an integer or half integer. Then for each n> 0,

ar ]s(t) _ O(Z_S_Zr_l/z)
dt? ts+27 ’

as t tends to infinity.

Proof. The argument is the same as the proof of Lemma 2 of [4]. However

we use here the fact that ]s(t) =0(t7%) as t — o,

Lemma 3. If 0<a <1, then [((u-2)"%%dz=0(u) as u tends to infinity.
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Proof.
u —a_a u/ 2 7
fo(u—-z) zdz=f0 +fu/2—A+B,

where

A= -2 s = 0™ ®) [ 2% - O),

B = :/2 (w-2)"%"dz = O(ua)f:/z (u-2)"%dz = 00!~ *) = O).

Lemma 4. With Sf defined by (2.1), then for almost all u

m 1
Su = F(l—a)duf -

z)_a a+m dz.

Proof. Put

“rrm e s = s

Thus I is the fractional integral of order (1 — a) of S:+m. But since SZ+'" is

(1-a)=1¢ca+m
Jiw-2 Sa+m s,

the fractional integral of order (a + m) of Su, therefore I is the fractional inte-
gral of S of order (a + m) + (1~ a) =m + 1. Hence for almost all u, dl/du =
s,

u

4. Proof of the Theorem. We must show

(2m)~k/2 fzez Flz)ds(z) =ay+ay? +ooevay 0207 4 0(e?)

as ¢t tends to zero.

The hypothesis on the moduli of ¢ implies 2|n|k"l+(|cn|n{ '2'| 2< oo, for
some €> 0. Therefore by virtue of Theorem 1 of [3] the series defining F(x) in
(1.3) converges spherically almost everywhere on each sphere |x| = . By virtue
of Theorem 2 of [3], with p = 1, we may integrate this series term by term over
each sphere.

Bochner [1] observed (27) _k/zfzszeim'zds(z) =] (In|)/(|n]|1)°, where s =
Y%(k - 2). Hence,

@m2 [0 Fu)ds@) = lim X (17— m) k2 [ etz gs(s)
R o0 0<|n|<R l?’ll
(4.1)
= lim (17 X _C_’L I (lrﬂ_t_)_ (-1)t?" lim Z c, y(|n]|t),

R O<|n|<R In| <" (nit) R—o0 gcin|<r

where y(u) = u_s’z’js(u).
We apply summation by parts to 2|nl<R c Alnlt) m times.
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T e ynl) = Sey®R) - [, Lyl

[n]|<R
- Spy(RD) =S} A y(R) + [ s‘ y(ut)du
_s VRO =Sk Ly RD) oo v (1S ATy (R
R JR™
L B 55_’";11 y (wt)du.
Using Lemmas 1 and 2, with j=1,---, m, SR(&/dRDNY(R1) = o(R7"*) .

O(R—(k—z)/znzr"‘/z) =o(1), as R tends to infinity, Thus,

lim ) ¢ y(]nlt) (- l)m+lfw —-:”-—-1— y (ut) du,
R=% g n|<R

and returning to (4.1) we get

(Zﬂ)'k/zfz Ftz)ds(z) = (=1Yt? 2 cny(lnlt)
(4.2) 0<ln|<R
— eyt 2 [P om L ().
d m+
We use the formula ]s(z) = 2:;0((— D% 2)°*27/nt T(s + 7+ 1)). Hence

§ (C1)7(2)-5—2n5 2

2 T(s +n+ 1)

27 %] (2) =

n=0

2 2n
=CpH+Cy2  H ety 27 4 .

Define P(2) = ¢+ c,2° + +++ + cz(r_l)zz("l) and let Az) =(z7°] (2) - P(2))/z"".

Then A(2) is an entire function in the plane and

(4.3) y(z) = Mz) + z~27P(2).

Substituting into (4.2),

(@042 | Fz)ds) = 1y smety?r [ sm 47 [P fut) +)\(ut):| du

“ dum*  w)?

00 1 00 1
(48 Cayemet = gm £+—I—J(ut)du+(—l)’+'"+lt2’fl S 4 Nut) du
dum+!

u
du™*t %

= AQt) + t¥B().
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AQ) = (- nr+m+1j m 47t Plt)
N ' u dum+l 2r
0o o 2j
“s) e frgn et )y g,
1w g mi+l 0 i e

— (= 1)rtm L Z z,J Sm d”’+ cuz(’ gy - Z A 427,
“ gm+l =0

We will show A2j is finite for each j.
et [ smy2t-n-m=tg, oo [T smy=nj gy,
A2i—cilfo STu du c]fl wu u
with m+'3_<_n].5 2r+ m+ 1. By Lemma 4,
s - (1/T(1 - a))(d/du)f;‘(u ~z)=es ¥ dy,
for almost all . Hence
w ([ —n; d (¢ —acatm
AZj = c].' L u 7 QZfo (u - 2) S, dzdu
Integrating by parts,

—_ _ 50 0 —p.-1 -
A . =c'"u n]_[u(u—Z) *§Mm gz —cf’f u fu(u-z) Samdzdu=a.+ﬁ..
] 0 z 1 7J1 0 z 7 ]

25

By (2.2), we have S*™ = o(R**™), so

—_ . [o o]
a.=c’u "qu (u - z)-ao(za+m)dz'
7] ] 0 1

= o(u—njm)f: (v - 2)" %%z T =olu ™ +m)O(u)l:°

by Lemma 3. Since n.>m+3, a = o(1}).

To estimate ,8]. we again use Lemma 3.

B~_C f I (4 = 2)~%(z*Y™) dz du

7

_ e L’" u‘”f‘lom)f:(u — 2" %(2%) dz du

7

= Ci" flm o(u_nj—lm)O(u\)du = 0(1).

This shows that each A2j =0+ B]. is finite. Combining this last statement
with (4.4) and (4.5), we obtain
r—1 ]
(2ﬂ)_k/2 fz F(tz)ds(z) = ) Az].tzj + t27B(1).
]':0

5. The proof of the Theorem will be complete when we show B(f) tends to

zero with f. Using Lemma 4,
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B(t) = (—1)”"’“‘1II sm —“'—-—- Mut) du

m

Mut)du.

_ (L)t 1 R o
Sy Al

(We are justified in replacing the limits of integration in the outer integral by 0 <
u < oo because S” = 0 for 0<u <1.) We integrate the expression for B(z) by

parts.

(= 1)+l gatm am+l ~
B() = F(a+m)j (u - dz-dumH Maut)| 7

(_1)r+m 00 - a+m
+ﬁd+m)j—[(u_ z)" % dz -;-;—-)\(ut)du

= Bl(l) + BZ(Z).
We assert that, for ¢ £ 0, Bl(t) is zero. Since A(z) is entire in the plane,
a”"Jrl)\(w!)/dum+1 remains bounded as u tends to zero. Hence at zero the expres-

sion defining Bl(t) is zero. To evaluate the expression defining B, (1) at u = oo
we use (4.3) and (2.2).

I: (u - Z)““SZ”"dZ AL /\(ut)— O(um)f: (w—2)%2%dz . dm+l l:y(”t B f(ut):l.

dum+ dum+1 (u[)Zr

The integral in this last expression is O(x) by Lemma 3. By Lemma 2,

d™ Yy (ut)/du™ ™' = 0(w=™"1), and since P (ut)(ut)~?" is a quotient of poly-
nomials with the degree of the denominator greater by two than the degree of the
numerator, (d™*/du™*") P(ut)/(ut)?” = O(u=?~™~1) as u — =. Hence, near

u = oo, the expression defining B,(¢) is o(z™)0()[0(z™™" Dy 0™ H] = o(1).

It remains to be shown that B,(¢) tends to zero with .

(- 1) rHm 00 _ -a a+md _a_ T )\( t)d
B,(1) = r(am)f j (u - 2) zdum ut)du
_nrm f °°sa+’"{ [F-ae i )\(ut)du} dz
F(a+m) 0 =z z dum+2
(= 1)+ wsm (=1 (Ve (= (=1)+m
e 2T 0t s A S e e

We first consider M. In this integral z ranges between O and 1/¢, and

m+2
H(z, t)—fz (w-2z)"¢ a%;"{—z-)\(ut)duzfl/t JI/ =P +0.
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Mz) is entire, so for |ut| <1, @™ 2Nut)/du™*? = 0(t™*?). Hence

p- ﬁ/‘ (4 = 2)=%0G™* dy = 0™ 21/t - z)' =

(5.2)
=0G™* Y1/t = 2) %G1/t = 2)) = 0™ N1/t - 2)1 ™9,

since t(l/t —z)=1-¢z <1-

Q= 1/1 (u z)_a d i )\(ut)du
I e —a d™ > —a dm+2 Plut)
‘fl/t (w—-2)"¢% rel y(ut)du ,[1/1 (u —2) T .G‘;.)_Z_r.du =0, +0,.
By Lemma 2,
fl:%z—z Yat) = 1742 O((ut)=5 =27= ) = *Y2=2=sp(y=s=2r= %),
u
Hence,

oo /
Q= L/z (u - z)=%m*3 27250y = 2= M) dy

— (1t —z)~ %Y 2= 25 L/ 0w=S=2=%)dy = (1/t —z)~*0@™+*1).

Since (@™*2/du™*?) [P(ut)(ut)~?"] = 120(u=™~*), therefore
Q2= L e —2)" %720 ) du = (1/t = 2)~ 20~ 2+m+3),

Combining the estimates for Q; and Q, we get O = (1/¢ —z)™*0(t™*!), and with
(5.1) and (5.2) we conclude, for 0<z <1/t, H(z, t) = (1/t —z)~*0(™*!). There-

fore

1 7
M= [y ST G, 0z = [ ol MOE 1/t - )7 d

-o(l/f)a"”zm“f‘/‘(m_z) 4z - o(1).

We now consider N = _fT/tSozL+"’H(Z, t)dz. In this integral z is larger than

1/t
H(z,t) = f (w—-2)"°%

(> —a dm+2 00 B —a dm +2 P(ut) S.
_fz (z - z) ST ylut)du +.[z (« - 2) T G du =R +

To compute R we apply Lemma 2.

(dm+2/dum+2) y(ut) - tm+3/2-s—270(u—s—2r—'/z ).
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R =3/ 7m0 (% (y _ 2) =20~ 27 %) du
z

_ tm+3/2-s~21[Jzz +j°°]'
z 2z

jz"‘(u -2)" %02 gy = o<z-s—2r~‘4)j22(u ~2)"%du
z z

=0E™ST=A)0(z 17 %) = 0z =St

f5 =270 )du 0= 7 u™*" ¥~ du
2z 2z
= O(z-a)O(z's'zf“/Z) - O(Z—S—Zr‘“/z—a).

Thus, R = tm+3/2—s-270(z—s—27+‘/2‘a) . l/zO(z”a_m_3/2)(tz)’”+2_s"2'_
Since |tz| > 1 in the interval of integration and since 2r >m + 2 and s > 0, the
last factor on the right of this last equation is < 1. Hence,

(5.3) R = 1~%0(z=%=m=3/2),

To compute S, we again use the fact that (@”*2/du™*?) P(ut)/(ut)?" =
t=20(w=™"%); and therefore
(= —ad7? Py
s _fz - 2) du™*? (ut)?” “

= t"ZJ‘:J(u ~2)" 0w " Nduy = Z_Z{J‘ZZZ +J;:}

J2z (u-2)"%0w"""%du = O(z_m-4)I:z w-2)"%du
= 0E"""9H0(1"%) = O(z=m=%=3),
[ w=2)7%0w ™" du - 0= 7 u™m 4 du - 0=z,

Thus S =1~20(z"m"%=3) = ~YQ(z—m-2=3/2), Combining with (5.3), we see that
for 1/t <z, H(z, 1) =R +S§ =1 =% 0(z=m=%"3/2),
Substituting into the integral defining N,

o0
N = ;;SZ*mH(z,t)dz :Il/zo(zam)t“'/’O(z_m_a_3‘/2)dz

= t_%f:o, olz=3 ) dz = t"%o(l/l)_y2 =o(1).
/t

We have shown that Bz(t) tends to zero with ¢. This completes the proof

of the Theorem.
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